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Abstract. We study the problem of approximating a matrix A with a matrix that has a fixed
sparsity pattern (e.g., diagonal, banded, etc.), when A is accessed only by matrix-vector products.
We describe a simple randomized algorithm that returns an approximation with the given sparsity
pattern with Frobenius-norm error at most (1+¢) times the best possible error. When each row of the
desired sparsity pattern has at most s nonzero entries, this algorithm requires O(s/e) nonadaptive
matrix-vector products with A. We also prove a matching lower bound, showing that, for any sparsity
pattern with ©(s) nonzeros per row and column, any algorithm achieving (1 + €) approximation
requires §(s/e) matrix-vector products in the worst case, even if those matrix-vector products are
chosen adaptively. We thus resolve the matrix-vector product query complexity of the problem up to
constant factors. Even for the well-studied case of diagonal approximation, no previous lower bounds
were known.
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1. Introduction. Learning about a matrix A from matrix-vector product
(matvec) queries® x1,...,%X,, — AXy,...,AX,, is a widespread task in numerical linear
algebra, theoretical computer science, and machine learning. Algorithms that only ac-
cess A through matvec queries (also known as matriz-free algorithms) are useful when
A is not known explicitly, but admits efficient matvecs. Common settings include
when A is a solution operator for a linear partial differential equation [43, 57, 12], a
function of another matrix that can be applied with Krylov subspace methods [31, 39],
the Hessian of an optimization problem that can be applied efficiently to vectors (e.g.,
via back-propagation for neural network loss functions in machine learning) [54, 38],
or a data matrix in compressed sensing [42]. Matrix-free algorithms are also pow-
erful due to practical considerations such as memory usage, data movement, and
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n some settings, it may be possible to do matrix-transpose-vector queries y — ATy [13]. As
we will see, for our general problem, such queries do not yield additional power over simple matvec
queries.
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parallelizability. Notably, if the queries are chosen nonadaptively—i.e., the ith query
vector x; does not depend on the results Axy,...,Ax;_1 from previous queries—the
matvecs can be parallelized, potentially leading to substantial runtime improvements
[61]. Nonadaptive queries can also be computed in a single pass over A, and thus non-
adaptive matvec query algorithms are an important tool in streaming and distributed
computation [18, 48].

In many cases, the cost of matrix-free algorithms is dominated by the cost of the
matvec queries. As such, a key goal is to understand the minimum number of queries
required to solve a given problem, also known as the query complexity. Any algorithm
automatically yields an upper bound on the query complexity, whereas it can be more
challenging to prove lower bounds. Problems for which the matvec query complexity
has been extensively studied include low-rank approximation [36, 59, 66, 4, 5, 35], spec-
trum approximation [60, 69, 63], trace and diagonal estimation [32, 40, 7, 49], the ap-
proximation of linear system solutions and the action of matrix functions [31, 34, 15],
and matrix property testing [62, 52].

An important class of problems considers recovering A from matvec queries
when A is structured, or relatedly, finding the nearest approximation to A within
a structured class of matrices. Example problems that have been studied exten-
sively include low-rank matrix approximation [66], hierarchical low-rank approxi-
mation [46, 47, 44, 45, 57, 35, 16, 2], diagonal approximation [7, 64, 6, 25], sparse
approximation [21, 20, 19, 70, 22], and more [68, 56, 1].

1.1. Fixed-sparsity matrix approximation. In this work, we focus on the
task of approximating A with a matrix of a specified sparsity pattern, with error
competitive with the best approximation with the given sparsity pattern. This is a
natural task; indeed, there are many existing linear algebra algorithms for matrices of
a given sparsity pattern (e.g., diagonal, tridiagonal, banded, block diagonal, etc.), so it
is a common goal to obtain an approximation compatible with such algorithms. As we
discuss in subsection 1.3, several important special cases, like diagonal approximation,
have been studied extensively in prior work.

Formally, using o to indicate the Hadamard (entrywise) product and || - || to
denote the Frobenius norm, we consider the following problem.

PROBLEM 1.1 (near-optimal approximation by a matrix of fixed sparsity). Given
a matriz A € R"*? and a binary matriz S € {0,1}"*¢, find a matriz A so that
A=SocA and

IA—Alr<(1+2)[|A—-So Al
Observe that So A is the matrix of sparsity S nearest to A in the Frobenius norm:

So A =argmin ||A — X||¢.
X=SoX

Hence, Problem 1.1 is asking for a near-optimal approximation to A of the given
sparsity S.2 Note that if A already has sparsity pattern S, then ||[A —So A||r =0,
so solving Problem 1.1 will recover A exactly.

In addressing Problem 1.1, it will also be beneficial to consider the closely related
problem of approximately recovering the “sparse part” of a matrix.

2This is reminiscent of standard formulations of the low-rank approximation problem, in which
we aim to find a rank-k approximation to A competitive with the best rank-k approximation [36, 66].
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PROBLEM 1.2 (approximation of on-sparsity-pattern entries). Given a matriz
A e R™™4 qnd a binary matriz S € {0,1}"*¢ find a matriz A so that A=So A and

ISoA—AlZ<c|A-SoAlZ.

In Problem 1.2 we seek to recover the on-sparsity-pattern entries S o A to error
which is a small factor times the norm of the off-sparsity-pattern entries | A —So A|[2.
Note the use of the squared Frobenius norm here. Since A has the same sparsity as
S,ie, A=SoA,

(L1) |A—AJ2=||A-SoAl2+[SoA - Al

Thus, using the fact that /1 + 2 <1+¢ for all € > 0, a solution to Problem 1.2 with
accuracy 2¢ immediately yields a solution to Problem 1.1 with accuracy . Conversely,
if e € (0,1) so that v/1+ 3¢ > 1+ ¢, then a solution to Problem 1.1 with accuracy
¢ yields a solution to Problem 1.2 with accuracy 3¢. In this sense, the problems are
equivalent.

1.2. Our contributions and roadmap. Our first contribution is to analyze a
simple algorithm (Algorithm 2.1) that solves Problems 1.1 and 1.2. When the sparsity
pattern S has at most s nonzero entries per row, this algorithm uses m = O(s/¢)
nonadaptive matvec queries. Specifically, the algorithm computes Z = AG, where G
is a d x m matrix with independent standard Gaussian entries, and then outputs the
matrix

(1.2) A =argmin ||Z — XG|f.
X=SoX

In section 2, using standard tools from random matrix theory and high-dimensional
probability, we provide an analysis of Algorithm 2.1 and prove the following.

THEOREM 1.3. Consider any A € R™*¢ and any S € {0,1}"*¢ with at most s
nonzero entries per row. Then, for any m > s+ 2, using m randomized matriz-vector
queries, Algorithm 2.1 returns a matriz A with A =SoA and E[A] =So A, satisfying

~ S
El[ScA—-A|2|<—"  _||A—-SocAlZ2
[So IIF _m—s—ln oAl

The above inequality is an equality if each row of S has exactly s nonzero entries.

Owing to (1.1) and Jensen’s inequality, Theorem 1.3 also gives an expectation
bound for Problem 1.1. Setting m = O(s/e) implies that Problems 1.1 and 1.2 are
solved in expectation. Combined with Markov’s inequality, we can also derive a high
probability bound with no dimension dependence.

COROLLARY 1.4. In the setting of Theorem 1.3, for any € >0 and ¢ € (0,1),

1 ~
m>s <25+1> +1 = IP’[HA—AHFZ(1+5)||A—SoA||F} <.
€

Hence, using O(s/de) queries, Algorithm 2.1 solves Problem 1.1 with probability
1-0.

We make no claims about the novelty of Algorithm 2.1, which follows from stan-
dard techniques. However, the simple approach seems to have been overlooked in the
literature, even in the special case when S is a diagonal sparsity pattern. This point
is discussed further in subsection 1.3.
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We proceed, in section 3, to study lower bounds for the matvec query complexity
of Problems 1.1 and 1.2. This is much more technically challenging than proving the
previously stated upper bounds. We show that up to constant factors in the query
complexity, the upper bound in Corollary 1.4 is optimal, even for the stronger class
of adaptive matvec query algorithms. It follows that Theorem 1.3 is nearly optimal
as well. Formally we show the following.

THEOREM 1.5. Fiz vy € (0,1). Then there exist constants c¢,C >0 (depending only
on ) such that the following holds.

For any € € (0,¢) and integer s > 1, there is a distribution on (symmetric)
matrices A € R¥™? such that, for any sparsity pattern S whose rows and columns each
have between s and s nonzero entries, and for any (possibly randomized) algorithm
that uses m < Cs/e (possibly adaptive) matriz-vector queries to A to output A with
AoS=A,

P[IA - Al <(1+<)|A-SoAlle| < oo

Thus, 2(s/e) queries are required to solve Problem 1.1 with any reasonable prob-
ability. Note that since solving Problem 1.2 gives a solution to Problem 1.1, the lower
bound in Theorem 1.5 also implies that 2(s/e) queries are required to solve Problem
1.2. Our approach uses an invariance property of Wishart matrices after a sequence
of adaptive queries [15]. Note that since our hard instance is symmetric, Theorem 1.5
also holds against algorithms that are allowed to use matvec queries with AT.

Our lower bound applies to the well-studied case of best approximation by a
diagonal matrix, and more broadly, by a banded matrix. To the best of our knowledge,
it is the first (adaptive or nonadaptive) lower bound for Problems 1.1 and 1.2, even
for these special cases.

In section 4, we compare our algorithm to widely used coloring-based methods
for fixed-sparsity pattern matrix approximation [21, 20, 19, etc.]. We show that there
are situations where coloring methods perform worse than the algorithm described
in this paper by a quadratic factor or more. Specifically, even for matrices with < s
nonzeros per row and column, they can require O(s?) instead of O(s) matvec queries.
We also discuss a setting in which coloring methods can outperform the algorithm
from this paper.

Finally, in section 5 we present several numerical experiments on test problems to
illustrate the sharpness of our upper bound, and in section 6 we discuss the potential
for future work, including the potential for algorithms which combine the algorithm
in this paper with coloring-algorithms to obtain more robustness to noise in certain
settings.

1.3. Past work. To the best of our knowledge, Problems 1.1 and 1.2 have not
been previously stated explicitly in full generality. However, there is a range of past
work that studies special cases of these problems. We categorize these works into
the zero error case, where A = S o A exactly, and the nonzero error case, where
A #£SoA. In addition, we discuss how Problems 1.1 and 1.2 differ from the standard
sparse recovery problem in a compressed sensing.

1.3.1. Zero error. Some of the earliest work relating to Problems 1.1 and 1.2
seeks to recover Jacobian and Hessian matrices with a known sparsity pattern from
matvecs [21, 20, 19]. These methods make use of the fact that a graph coloring of a
particular graph, induced by the sparsity pattern of A, can be used to obtain a set
of query vectors that are sufficient to exactly recover A. In many (but not all) cases,
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exact recovery is possible with s queries. Coloring methods have also influenced many
algorithms for the nonzero error setting. We compare our results to coloring-based
methods in section 4, noting that Algorithm 2.1 always performs better in the zero
error setting, since it always requires just s queries (see Proposition 2.1).

More generally, [35] studies the matvec query complexity of exact recovery of a
wide range of linearly parameterized matrix families, proving matching upper and
lower bounds on the number of queries required. In particular, it is shown that
recovering a diagonal matrix requires one query, recovering a block diagonal matrix
with s x s blocks requires s queries, and recovering a tridiagonal matrix requires three
queries. Recovering a general n x d matrix is shown to require d queries. Algorithm
2.1 matches these bounds.

1.3.2. Nonzero error. The most theoretically well-studied instance of Problem
1.2 is arguably the case S =1, i.e., the task of approximating the diagonal of a matrix.
For this task, it is common to use Hutchinson’s diagonal estimator, defined as

(1.3) dp = [irjo(Arj)}Q[irjorj],

where ¢ indicates entrywise division and the entries of the vectors r; are all inde-
pendent random variables with mean zero and variance one. Several analyses of this
estimator have been given for various distributions [7, 64, 6, 37, 25]. In particular,
[6, 25] give error bounds for Problem 1.2, showing it suffices to set m = O(1/e),
matching Theorem 1.3 up to constant factors. In fact, when S =1 our Algorithm 2.1
is equivalent to (1.3) if the query vectors r; are Gaussian. We detail this connection
in Remark 2.6.

Past work has also studied Problem 1.1 with the goal of approximating a poten-
tially nonsparse matrix by a sparse matrix. For instance, there is a long line of work
on approximating matrix functions A = f(H) from matvecs. If H is sparse, then the
entries of A = f(H) decay exponentially away from the nonzero entries of H under
mild assumptions on f(z) [24, 9, 8]. As such, it is reasonable to approximate A with
a sparse matrix of a sparsity similar to H. This observation has been used in matrix
approximation algorithms [64, 61, 30, 53]. Broadly speaking, these algorithms aim
to combine the coloring methods described above with the estimator d,, described
in (1.3). For banded matrices, one can use the existing analyses of d,, to analyze
the performance of these methods, showing that they solve Problem 1.2 to accuracy
¢ using O(s/e) matrix-vector queries. We include a note on this in subsection 4.1, as
we were unable to find such an analysis in the literature. Theorem 1.3 shows that
Algorithm 2.1 matches this bound for arbitrary sparsity patterns.

More recently, motivated by the field of partial differential equation learning, there
has been widespread interest in learning the solution operators of partial differential
equations from input-output data of forcing terms and solutions, analogous to matvecs
[56, 57, 14, 43]. The method in [57] obtains a fixed-sparsity approximation to the
sparse Cholesky factorization of the solution operator by coloring, which is provably
accurate for certain problems. This makes use of the fact that in certain settings a
fixed-sparsity Cholesky factorization is accurate and can be efficiently computed [56].
This is broadly related to the (factorized) sparse approximate inverse problem for
obtaining preconditioners [11]. The method in [14] also derives a continuous analogue
of a generalized coloring algorithm for targeting low-rank subblocks of hierarchical
matrices [45] and then recovering these subblocks using the randomized SVD [36].
The final step of this algorithm reduces to the recovery of a block diagonal matrix.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/22/26 to 187.12.252.154 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

488 AMSEL, CHEN, KELES, HALIKIAS, MUSCO, AND MUSCO

1.3.3. Relationship to sparse recovery and compressed-sensing. It is im-
portant to contrast the aims and results of this paper with the rich literature on sparse
recovery and compressed sensing [27, 29, etc.]. Most relevant to our work are results
on the /¢y sparse recovery problem. Given access to a length d vector a through
linear measurements a: M — Ma, the goal of the ¢5/¢5 sparse recovery problem is to
obtain an s-sparse vector a for which

[a—alla<(1+¢) min [la—a’|s.
a’ s-sparse
Algorithms for solving this sparse recovery problem can be immediately adapted to
the matrix recovery [53]. In particular, by applying ¢ /¢5 sparse recovery to all rows
in a matrix A (which requires evaluating the matvec queries AMT), we can recover
an s-sparse approximation A satisfying |A — A < (1+¢)|A—SoA||p, i.e., we can
solve Problem 1.1.

However, this approach has a number of disadvantages. For one, if sparse recov-
ery is used as a black-box, while the approximation A will be sparse, it cannot be
guaranteed to be nonzero in the exact locations specified by S. This is a disadvan-
tage when the goal is to approximate A by a matrix that has useful computational
properties due to a specific sparsity pattern (e.g., by a matrix that is easily invertible
like a diagonal or banded matrix).

Moreover, sparse recovery algorithms necessarily have worse dependencies on ¢
and d than the bounds we prove for Algorithm 2.1. In particular, it can be shown that
any algorithm solving the £, /5 sparse recovery problem necessarily requires Q(s/e2 +
slog(d/s)/e) linear measurements, which would equate to Q(s/e? + slog(d/s)/e)
matvecs to obtain a near-optimal approximation to A with s-sparse rows [55]. In
contrast, our upper bound of O(s/e) from Theorem 1.3/Corollary 1.4 has both a
better dependence on £ and no dependence on the dimension d at all.

A number of past works [68, 70, 22, etc.] have also studied a matrix version of
the sparse recovery problem in which one aims to obtain an sn-sparse matrix A for
which

JA—ZAr<(1+)_ min [A-X],
X sn-sparse
using bilinear measurements of A: (U, V) +— UAV'. Again, while related to our
problem, prior results for this task inherently involve worse dependencies on ¢ and
the dimension than our results and do not return an approximation A with a specified
sparsity pattern.

Finally, we remark that, while there has been significant work on lower bounds for
sparse recovery [26, 55], such bounds do not imply lower bounds akin to our Theorem
1.5 for Problems 1.1 and 1.2. In particular, the hardness of vector sparse recovery is
critically tied to the fact that the entries of a are not specified in advance. Indeed,
we can trivially find the best s-sparse approximation to a vector a with a specified
sparsity pattern using s linear measurements (just read the corresponding entries in
a). There is no dependence on ¢ at all. Our lower bound of Q(s/¢) from Theorem 1.5
must leverage a different source of hardness: in the matrix setting, while the sparsity
pattern of A is specified in advance, the difficulty of the problem comes from the fact
that the sparsity pattern can differ across rows. We must use this fact to obtain the
lower bound of Theorem 1.5, which depends on both s and €.

1.4. Notation. For a set S, S indicates the complement (with the universe
determined from context). For d > 1, we define [d] = {1,2,...,d}. For R C [n] and
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C C [d], [X]r,c indicates the |R| x |C| submatrix of a n x d matrix X corresponding to
the rows in R and columns in C. If R or C' contains only one element, we will simply
write this element. Likewise, when R = [n] or C'=[d], we will use a colon, e.g., [X];
is the first column of X.

We denote the Frobenius norm of a matrix X by [|X||g, the transpose by XT,
and the pseudoinverse by XT. We use o to denote the Hadamard (entrywise) prod-
uct. Specifically, for matrices X and Y, X oY is the matrix defined by [X o Y]; ; =
[X];,;[Y]i,;. We use 0 and 1 to denote matrices of all zeros or ones, with size deter-
mined from context.

Throughout, P will be used to indicate probabilities, [E the expectation of a ran-
dom variable, and V the variance. We denote by N(u,0?) the Gaussian distribution
with mean p and variance o?. We use Gaussian(n,d) (or Gaussian(d) if n=d) to de-
note the distribution on n x d matrices, where each entry of the matrix is independent
and identically distributed (i.i.d.) with distribution N(0,1).

2. An algorithm and upper bound. We begin by writing down an explicit
algorithm (Algorithm 2.1) for solving Problems 1.1 and 1.2 This algorithm proceeds
row-by-row, taking advantage of the fact that different rows of the solution to (1.2)
do not depend on one another (except through the common use of Z = AG). For

each row, we can solve for the entries of A via an appropriate least squares problem.
Note that in the case that A has nonzeros only in positions where S is nonzero,

Algorithm 2.1 will exactly recover A as long as the least squares problem for each
row is fully determined.

PROPOSITION 2.1. IfS € {0,1}"*¢ has at most s nonzero entries per row, SoA =
A, and m > s, then Algorithm 2.1 returns a matriz A = A with probability one.

Proof. Consider the ith row, and let x; € R!Sil be the set of nonzero entries in
that row. Since m > s > |5;|, the corresponding G; € R™*ISil ig full-rank |S;| with
probability one. Thus, since z; = G;x;, we have a; = Gzz = GIGiXi = x;, i.e., we
recover the row exactly. By a union bound, with probability one, this simultaneously
happens for all the rows. 0

Our main focus will be the case where A may have nonzeros off of the specified
sparsity pattern. We first recall a standard result from high-dimensional probability.

PROPOSITION 2.2. Let G ~ Gaussian(p,q). Then, for compatible matrices
X andY,

(2.1) E[|IXGY|[g] = IX[E]YI[?-

Algorithm 2.1. Fixed-sparse-matrix approximation.

1: procedure FIXED-SPARSE-MATRIX-APPROXIMATION(A, S, m)

2 Form G ~ Gaussian(d, m) > d x m ii.d. Gaussian matrix
3 Compute Z=AG > m nonadaptive matvec queries
4 fori=1,2,...,ndo

5: Let S; ={j:[S];; =1} > nonzero entries of ith row of S
6: Let z] = [Z];,. > ith row of Z
7 Let G] = [Glg, . > submatrix formed by taking the rows from S;
8 Compute a; = G;rzi > solve a m x |.9;| least squares problem
9: Set [Al;.s, =a; and [A]zsc =07 > construct ith row of A

10: return A
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Moreover, if p—q > 2, then
2.2 E[|GH2] = —% .
(22) e = —1—

Proof. The expression (2.1) is an elementary calculation; see, for instance, [36,
Proposition A.1]. The expression (2.2) follows from the fact that GTG is invertible
with probability one, and (GTG)™! has an inverse Wishart distribution, which, for
p—¢q > 2 has mean I/(p — g — 1) [50, section 3.2, equation (12)]. Since |GT||Z =
tr((GHT(GT)) =tr((GTG)™1), the result follows from the linearity of the expectation;
see, for instance, [36, Proposition A.5]. 0

Using Proposition 2.2, we establish our main upper bound theorem.

THEOREM 1.3. Consider any A € R"*? and any S € {0,1}"*? with at most s
nonzero entries per row. Then, for any m > s+ 2, using m randomized matriz-vector
queries, Algorithm 2.1 returns a matriz A with A =SoA and E[A ] So A, satisfying

E A—Al2l<—%  JJA—SoA|2
ISoA-AlR]<—"—|lA-SoAl2

The above inequality is an equality if each row of S has exactly s nonzero entries.
We also obtain a probability bound.
COROLLARY 2.3. In the setting of Theorem 1.3, for any € >0 and ¢ € (0,1),

1 ~
m>s (25+1>+1 — P[|A-Alr=(1+2)|A-SoAlr| <d

Proof of Theorem 1.3. The algorithm processes Z = AG € R"*™ sequentially to
approximate the rows of A. Fix i and let S; be the indices of the nonzero entries
of [S];. and z] = [Z];. be the ith row of Z and S§ = [d] \ S;. Let GJ = [G]s, . and

Qs

G/ = [G]s:,: be submatrices of G formed by taking the rows of G in S; and S,
respectively. Define x] = [A]; s, and y] =[A]; sc and observe that

=[AG],.=x/G] +y/G.

To enforce the sparsity pattern, Algorithm 2.1 tries to recover x; € R® from
z; € R™ by solving the least squares problem:

Here we have used that G; is full-rank with probability one.

Since G; and G, are independent, clearly E[a;] = x; as E[G;] = 0. Thus, Algo-
rithm 2.1 outputs an unbiased estimator for So A.

As long as m > |S;| + 2, it follows from (2.3) and Proposition 2.2 that

E[sz - 51”3] = E[IIGI@sz@]

=E[E[|GIGuyil3|G:]].
Equation (2.1) in Proposition 2.2 =E[||GI[2 - ly:[|2],

) . .. |Si| 2
Equation (2.2) in Proposition 2.2 = ——— - |ly;
S 2
< il
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where we have used that |S;| < s in the final line (and hence we have equality if
Let A be the output of Algorithm 2.1. Then, by the linearity of expectation,

zn:]E [sz’ - 5z‘||§}
i=1

n

S 2
szuﬁnz

i=1

E[lScA - Al

s
=—" _|JA-SoA|i
L A-SoAlR
Observe that we have equality if |S;| = s for each row i € [n]. d

Proof of Corollary 1.4. Applying Markov’s inequality to Theorem 1.3, we find
s JA-SoAl2
m—s—1 a '

(2.4) B[S0 A~ AR >a] <

Set a=2¢||A —So A||2. Then, using that v/1+2¢ <1+¢ for all € >0 and recalling
(1.1) gives that
Pl|A—Alr>(1+¢)|A—-SoAlr] <P[|A - A2 > (1+2)|A-SoA|]
—P[|SoA—AJ2>2|A—So Al
s/((m—s—1)(2e)) <4,

IN

where in the last line we use that m > s(1/(2d¢) + 1) 4+ 1, concluding the proof. 0O
We now make several comments about Algorithm 2.1 and our analysis.

Remark 2.4. Our bound in Corollary 1.4 has an unfavorable O(1/§) dependence
on the failure probability §. One could apply tail bounds for the pseudoinverse of
Gaussian matrices (see, e.g., [66]) and then apply a union bound to ensure that all n
rows are simultaneously accurate. However, this approach gives a query complexity
bound O(slog(n/d)/e), which depends on the dimension n. In Appendix D, we show
that one can apply a high-dimensional analogue of the “median trick” to obtain an
algorithm with a O(log(1/4)) failure probability (without any dependence on the di-
mensions n and d). We expect that a more careful analysis of Algorithm 2.1 itself may
also yield an O(slog(1/d)/e) dependence, without resorting to this more complicated
estimator; see [25] for the case S=1.

Remark 2.5. If A and S are symmetric, then it is better to return (A+AT)/2
than A since, by the triangle inequality,
1A~ (A+AT)/2r=(A-A)/2+(A-A)T /2 <[|A - AlF.

Remark 2.6. If the entries of the r; are Gaussian, then the diagonal estimator d,,
from (1.3) is equivalent to (1.2) with S =1I. Let r; denote the jth column of G. By
definition, z; = [[Ary];,...,[Ar,]);]" and in this case,

G/ :=[Gls, . =[Gli: =[[r1]is- -, [Tmli]
is a vector. The ith row of d,, is

Yol [Arli  GTz,
=TSR T Gla

j=11Y51;

= G;rz.
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In this sense, Algorithm 2.1 for computing (1.2) is a generalization of (1.3) to non-
diagonal sparsity patterns. Interestingly, however, we have not seen (1.3) interpreted
in terms of a least squares problem or pseudoinverse in the literature. This is per-
haps because past work focused on diagonal estimation (Problem 1.2) rather than
approximation by a diagonal (Problem 1.1).

Remark 2.7. Algorithm 2.1 requires solving n least squares problems, each with a
coefficient matrix of size m X s. So, in addition to the application-dependent cost of
computing Z = AG, its runtime is just O(nms?). There are several practical improve-
ments that can be made upon implementation. First, for many sparsity patterns, the
matrices G; and G; differ only by a permutation and low-rank update. Thus, by
downdating/updating appropriate quantities, the cost of solving all n least squares
problems may be lower than n times the cost of solving a single system. In addi-
tion, a posteriori variance estimates could also be obtained through jackknife type
techniques [28].

3. A lower bound for adaptive algorithms. Algorithm 2.1 solves Problem
1.1 using O(s/e) matvec queries. In this section, we show that there are distributions
of matrices and sparsity patterns for which any matvec query algorithm requires
Q(s/e) matvecs to reliably solve Problem 1.1. In particular, we show the following,.

THEOREM 1.5. Fiz~ € (0,1). Then there exist constants ¢,C >0 (depending only
on ) such that the following holds.

For any € € (0,¢) and integer s > 1, there is a distribution on (symmetric)
matrices A € R4 such that, for any sparsity pattern S whose rows and columns each
have between s and s nonzero entries, and for any (possibly randomized) algorithm
that uses m < C's/e (possibly adaptive) matriz-vector queries to A to output A with
AoS=A,

P[IA - Al <(1+<) A -SoAlle| < oo

This implies that for certain hard instances of Problems 1.1 and 1.2, our Corollary
1.4 and thus Theorem 1.3 are optimal up to constants. In particular, adaptivity can
only improve constants; it will not lead to an improved dependence on s or €. If A
is known to have a particular structure, it is possible that adaptive algorithms may
perform better than nonadaptive algorithms for these problems.

We note that the condition e < ¢ is benign. In particular, for € > ¢, m < ¢s/(2¢)
gives that m < s/2, in which case one cannot solve Problem 1.1, even in the zero
error case, due to a parameter counting argument. So we still have a lower bound of
Q(s/e).

3.1. Key technical tools. Before we prove Theorem 1.5, we introduce several
key results.

Our hard distribution will be A = GTG, where G ~ Gaussian(d). This is a
special case of a so-called Wishart matrix. Our lower bound will make use of the fact
that the conditional distribution of a Wishart matrix after a sequence of adaptive
matrix-vector queries still looks like a slightly smaller transformed Wishart matrix
[15, Lemma 3.4]. Similar hard input distributions have been used in several lower
bounds for matvec query tasks [59, 15, 41, 17]. We believe other simple distributions
such as A =G or A =G + GT would also suffice to prove something like Theorem
1.5. We have chosen to use A = GTG because it is symmetric, and it allows us to use
a conceptually intuitive anticoncentration result based on the Berry—Esseen theorem.

The following is essentially Lemma 3.4 from [15], restated to suit our needs.
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PROPOSITION 3.1. Suppose G ~ Gaussian(r,d). Given vectors X1, ...,X;,, define
1= GTGx1,...,ym = G'Gx,,, where for each j = 1,...,m <, x; was chosen
based only on the query vectors x1,...,x;_1 and the outputs y1,...,y;—1-
Then, there is a d x d orthogonal matrix V,, and an d x d matrizc A,,, each
constructed solely as functions of X1,...,X;m and y1,-..,¥m, as well as a matriz G,
Gaussian(r —m,d — m) independent of X1,...,X;m and y1,...,¥m such that

0 0,.a—
TAT _ m,m m,d—m
VvV, G'GV,,=A,,+ O G;Gm

We have included a proof in Appendix C.1 for completeness.

We will also use the following bound about the anticoncentration of independent
random variables, which we prove in Appendix C.2. This is an immediate consequence
of the Berry—Esseen theorem and a basic anticoncentration result for Gaussians.

PROPOSITION 3.2. There exists a constant C' > 0 such that if X1,..., X are
independent random variables with V[X;] > o2, and E[|X; — E[X;]|?] < p, and if we
define

X:X1+"'+Xk;,
then for any t € R and o> 0, if k> Cp?/(a?0"),
P{|X—t|<aa\/ﬂ <o

Using Proposition 3.2, we can derive a more specific consequence which we will
use directly in the proof of Theorem 1.5. The proof of this result is also contained in
Appendix C.2.

LEMMA 3.3. There exists a constant C' > 0 such that if x = Gu and y = Gv,
where G ~ Gaussian(k) and u,v € R¥ such that ||ul2 <1 and ||v|2 < 1, then for any
a>0andteR, if k>C/(a?|u|3][v[|$), then

IP’“XTy —t]< a||u||2\|v||2\/ﬂ <a
Finally, we will use the following observation about sparsity patterns that overlap

all sufficiently large principal submatrices.

LEMMA 3.4. Lety <1 and suppose S € {0,1}4*? is a binary matriz for which each
row and column has between s and s nonzero entries. Let I C [d] with |I| > 2d/(2+7).
Then the principal submatriz [S]; 1 of S contains at least yds/(24) nonzero entries.

Proof. Let I C [d] with |I| >2d/(2+ ~). Note that

2y
I[dHF ZZ Jij = |- 75—2+7ds.

i€l jeld

Next, note that, since |I¢| <d —2d/(2+7) =~d/(2 +7),

ZZ i < |-

i€l jele

Sr,re i ds.
Y

Finally, since [d] is partitioned into I and I¢,

2, 2v gl v
ds — ds = d O
F_2+ S 2+'y$ 2+~ S.

118111117 = (118171 |17 = [|1S] 1.
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3.2. Proof of Theorem 1.5. We now have the tools necessary to prove Theo-
rem 1.5. The general strategy will be to show that the conditional distribution of a
Wishart matrix after a sequence of (adaptive) queries is hard to approximate. That is,
that the on-sparsity entries are anticoncentrated (conditioned on the queries) relative
to the off-sparsity mass, which is O(d%/2) with high probability. We will then use this
result to prove Theorem 1.5.

LEMMA 3.5 (main technical lemma). Fiz v € (0,1). Then there ezist constants
c1,¢2,¢3 >0 (depending only on «y) such that the following holds.

Suppose A = GTG, where G ~ Gaussian(r,d). Then, for any sparsity pattern
S whose rows and columns each have between s and s nonzero entries, and for any
(possibly randomized) algorithm that uses m (possibly adaptive) matriz-vector queries
to A to output A with AoS=A, if m<cid and, for any a € (0,1), r >m + c3/a?,
then

P [||S oA — A} < cpa?ds(r —m)| <o
Proof. Fix v€(0,1). Let C denote the absolute constant in Lemma 3.3, define

S c:ﬁ c ¢
4427 2Ty 3

&1 ==
§’
and suppose m, r, and d are integers such that
C3

m<cid, r—m>—.
«

Suppose we do m (possibly adaptive) queries to A. Proposition 3.1 implies that
there exists an d x d matrix A and a d X (d —m) matrix V with orthonormal columns,
both constructed solely as functions of the queries and measurements, and a matrix
G ~ Gaussian(r — m,d — m) independent of the queries and measurements such that

A=A+VWV'  W=G'G.

Let S be any sparsity pattern for which each row and column has between ~s and s
nonzeros, i.e., for which we can apply Lemma 3.4.

Let T € R¥*? be any matrix with sparsity S determined solely as a function of the
queries and measurements, and hence independent of G. Without loss of generality,
we will absorb So A into T. Note also that it suffices to assume T is deterministic, as
the following argument holds for all possible draws of a random T (and by extension,
for the expectation over random draws of T).

Define the set of indices

P={(i,j) € [d] x [d]: [[S o VWV = [T];;* > (a/2)%s(r — m) }
and the event
E= {|P| > clds}.
Note that if F holds, we have that

2
IScA—T[E> > |[ScVWVT];; —[T];,|
(i,5)EP
>|P|- (oz/2)201(r —m)>cyds - (a/2)201(r —m)= a202d5(r —m),

so it remains to show P[E] > 1 — a.
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Toward this end, let v; be the ith row of V, and define
I'= {ZE ||V1H2>01} MZ{(i,j elxI: _1}

We must have |I| > 2d/(2 + ). Otherwise, since V has orthonormal columns so that
| vil|3 <1, we would have

2d
d—m= ||V\|FfZ||vZ||2 <> e+ 1 <ed+ g — —(1 —¢1)d,
i€lc i€l
which contradicts our assumption m < ¢1d < d —m > (1 — ¢1)d. Then, since |I| >
2d/(2+ ), Lemma 3.4 and our assumption on S give that

d
|M| > % =2cds.
v

We now show that if (i,5) € M, then (i,j) € P with high probability. Fix
arbitrary (i,7) € M (and note that this means 4,j € I). Since [S]; ; = 1, note that
[SoVWVT]; = =x] x;, where x; = le and x; = Gv] and v; and v; are the ¢th and
jth rows of V, respectlvely We also have that [|v;||3,v;]|3 > c;. With this in mind,
our choice of constants implies

c C

= a2 = a2 [vil§lv,TE

r—m>
a

Hence, applying Lemma 3.3,
P[(i,) ¢ P] =P[[1S o VWVT];; = [T]i] < (a/2)erv/r—m]
<P[[xI; = [Tlis| < (@/2) [villalvsllovr=m] < 5.
Now, by Markov’s inequality, we have that

Pl S 1) ¢P)2

(i,J)EM

1
~ . 2M|| <
a 2

Since |M| > 2¢yds, this then implies that
M
P[E] = {|P|>clds} >]P’{|P|>|2|] 1-

This proves the result. 0

With Lemma 3.5, the proof of Theorem 1.5 is straightforward. The basic idea is
that if r = d and « is constant, then ||So A — A|2 is typically Q(sd?). However, by
simple computation, it is not hard to see that [|S o A[[f < [[A[f is typically O(d?).
Thus, if we set d = O(s/e), we typically will have that ||[So A — A2 > ¢[|So A as
long as m < ¢1d = O(s/e).

Proof of Theorem 1.5. Fix v € (0,1) and let ¢, ¢o, c3 be the constants from Lemma
3.5. We will make the following assignments:3
1 c20%(1—cy)

b1 =50, b=

1 (1= c)ha?
25’ 601

C3

o= , bgzmaX{Z, }, C1=c1bs.

3We have labeled the constants so that if ¢; depends on cj, then i > j.
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Fix € > 0. We will show that if

)

N =

1
(3.1) m<CS, Zez  e<—<
3 b3

then there is a distribution on matrices such that for any sparsity pattern with between
~s and s entries per row,

~ 1
(3.2) PIA - Alle < (1429 |A - S0 Alle] < o

The assumption by /e € Z will subsequently be removed.
Toward this end, assume (3.1), and set

d:bgg, r=d, A=GT'G, G ~ Gaussian(r, d).
Define events
E:{||soA—fA||Echa2ds(r—m)}, F:{HA—SOAHEgbld?’}.

By assumption, m < Cis/e =c1d and

1
rem>(1-e)d=(1-c) b2 > (1701)1)2%:%.
Therefore, applying Lemma 3.5, we have that P[E] > 49/50.
It is easy to show that E[||[A —So A||Z] < d? (see Fact C.5 for a derivation), so
since b; = 50, an application of Markov’s inequality implies P[F] > 49/50.
Note that

6ebyd® < 6ebyd - bQS : : —m

< cpa’ds(r —m).

—

By a union bound, both E and F hold with probability at least 24/25. Then since
So A and A have disjoint support and £ < 1/2, as noted in (1.1),

ISoA—Al2>(1+6)|A -~ SoA[2>(1+20)%|A - So Al

We now relax the assumption c5 /e € Z. For arbitrary € > 0, define € =by/[by/e].
Then by/é € Z and € < e. Moreover, if € < by/2, then & < boé/(by — &) < 28. Set
c¢=min{1/bs,ba/2}. Therefore, since 1/e <1/¢, if

(3.3) mgClg, e<ec,

then the conditions in (3.1) hold (with &), and so we have the result in (3.2) (with &).
Since ¢ < 2¢, this implies there is a distribution on matrices and sparsity patterns for
which the result of the theorem holds.

Thus, the proof is complete with C' = 2C}. O

4. Comparison with coloring methods. A number of methods for sparse-
matrix and operator recovery based on graph colorings have been proposed [21, 20, 61,
57, 30, etc.].* To the best of our knowledge, such methods were first considered in

4These methods are sometimes called probing methods in the matrix function trace estimation
literature.
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the 1970s and are based on the following observation: Partition column indices [d]
into sets {C1,...,Ck} such that the columns of A corresponding to any given C; have
disjoint support. Then, we can recover all of the columns in a given set C; with a
single matvec: a vector which is supported only on Cj.

The sets C; can be obtained by coloring a graph. In particular, form a graph
on d vertices, where there is an edge between vertices ¢ and j if and only if the ith
and jth columns of A have overlapping support. A k-coloring of this graph gives the
partition {Cy,...,Ck}.

For matrices that cannot be colored with a small number of colors, one might
still use coloring methods to partition the columns of the matrix and then recover the
relevant entries within each partition using an algorithm that can handle noise (e.g.,
Algorithm 2.1 or Hutchinson’s diagonal estimator). In subsection 4.1, we analyze this
approach for banded matrices. Similar analysis has appeared, e.g., for the problem of
trace estimation using coloring methods [30]. In subsections 4.2 and 4.3, we provide
some extreme cases to illustrate potential pros and cons of coloring-based methods in
comparison to our proposed method.

4.1. Analysis of coloring methods on banded matrices. We will describe
how the estimator d,, defined in (1.3) can be combined with coloring methods to
solve Problems 1.1 and 1.2. Note that if the entries of r; are chosen as independent
Rademacher random variables (i.e., each entry is independently +1 with probability
1/2 and —1 with probability 1/2), then (1.3) simplifies, as r; or; is always the all-
ones vector. It is then easy to show E[d,,] = diag(A) and E[|| diag(A) — d,,||3] =
|A ~To Al /m.

For any integer b > 0, let S € {0,1}9*? be the sparsity pattern of banded matrices
of bandwidth s = 2b+1, that is, [S]; ; =1(|¢—j| <b). For convenience, we will assume
d = ks for some integer k > 1. This sparsity pattern yields a natural coloring-based
partitioning of [d] into the sets C; ={i+ js:j € [k]} for i € [s].

For each i € [s], define the d x k matrices

AV =[ALc, SY=[Sle.
Observe that if A = AoS, then we could recover all of the entries in A by multiplying
with the all-ones vector, since there would be exactly one nonzero in each row of A(®),

Let ¢ € {~1,0,+1}% be defined so that for each j € C;, (c(i))j is independently
either +1 or —1 with probability 1/2, and zero for j & C;. Counsider the vector

v = ¢ o (AD ).

Since the nonzero entries of ¢(*) are independent, mean zero, and variance 1, a direct
computation shows that

]E[y(i)} - (S(i) o A(i))l7 E[Hy(i) _ (S(i) o A(i))ng} - HA(i) —s@®4 A(i)||E.

Matvecs with A(Y) can be computed with a single product to A. Thus, using s
matvecs, we obtain an unbiased estimator for S o A with expected squared error
|A —So A||2. Averaging ¢ independent copies of this estimator will reduce the
variance by a factor of ¢t. Hence, using m > s/e matvecs, one obtains an algorithm
with expected squared error bounded by £||A —So A||2. While this algorithm is well-
known in the literature [61, 30, etc.], to the best of our knowledge, an analysis like
the one described here has not been written down. As we discuss in the next section,
this is marginally better than Theorem 1.3.
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Fic. 1. Left: Visualization of a matriz described in subsection 4.2 for which Algorithm 2.1 is
not the best method for recovering the diagonal (intensity indicates magnitude of entries of A). In
particular, the diagonal of the matriz can be recovered using exactly two queries, while Algorithm 2.1
will require many queries to overcome the large noise in the off-diagonal blocks. Middle: Visualization
of a matriz for which using the same colorings as the matriz on the left panel will not help. Right:
Visualization of the hard sparsity pattern described in subsection 4.3 with k = 10. Here black pizels
correspond to one and white pizels to zero. Note that while each row and column of the matrix has
only O(k) nonzeros, each pair of the k? columns has overlapping support.

Remark 4.1. Suppose m; matvecs are used for each color i. Averaging m; copies
of y) requires O(nm;) work, so the total computational cost (not including matvecs)
for all colors is O(nm). This compares favorably with Algorithm 2.1, which requires
O(mns?) time; see Remark 2.7. However, this is assuming a good coloring is known
a priori. While this may be the case for certain patterns like banded matrices, for
general patterns, computing an optimal coloring is an NP-complete problem.

4.2. Coloring algorithms can be better. The previous example shows that
if S is a banded matrix, the expected squared error of the coloring-based method
described above after m matvecs is better by a factor of (m—s—1)/m than Algorithm
2.1. If s is large, m is not much larger than s, and the off-sparsity mass is large, this
may be relevant. However, when m is large relative to s or if the off-sparsity mass is
small, this difference is not so important.

Coloring-based methods can also outperform Algorithm 2.1 because the error
of coloring methods decouples entirely between colors. Thus, to recover the entries
within a given color, algorithms do not need to pay for large off-sparsity entries in a
different color. An example matrix for which this observation leads to an arbitrarily
large improvement over Algorithm 2.1 is shown in the left panel of Figure 1. One
can also use extra queries to reduce the variance in only colors with large off-sparsity
mass.

Such an improvement is clearly tied to how much of the off-sparsity mass can be
ignored by the coloring scheme. If this mass is small, then coloring-based methods
unnecessarily use extra queries for each color. For instance, the middle panel of Figure
1 shows an example where coloring would not be so beneficial.

4.3. Coloring algorithms can be worse. In the zero error case, it is clear
that an s-sparse matrix requires at least s colors (and hence matvecs) to recover A.
As noted in Proposition 2.1, Algorithm 2.1 requires exactly s matvecs in the zero
error case, matching this lower bound. However, coloring-based methods can fail to
match this lower bound, underperforming Algorithm 2.1.

In particular, for any s,d > 1, there are s-sparse matrices with d columns which
do not have a column partitioning into fewer than d partitions, i.e., for which every
pair of columns has intersecting support, and hence the coloring-based approach does
no better than the trivial algorithm which reads the matrix column-by-column, using
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d matvecs. A natural assumption, motivated by the banded case, is that the matrix A
is s-doubly sparse. That is, there are at most s nonzeros in any given row or column.
For an s-doubly sparse matrix, the maximum vertex degree of the graph described
above is trivially bounded by s2, so a greedy coloring will result in at most s? + 1
colors. The following example shows there are s-doubly sparse matrices for which
Q(s?) colors are required. Thus, while coloring-based methods would require Q(s?)
matvec queries to recover such a matrix, Algorithm 2.1 requires only s queries.
In particular, for any integer k > 1, define the k% x k? matrix A by

L i=qorj=p,

i,7 € |k].
0 otherwise, p.a:1,J € k]

[Alpktightj = {

This sparsity pattern is illustrated in the right panel of Figure 1. Any given row or
column of this matrix has exactly s = 2k — 1 nonzeros. However, the support of every
column overlaps. Indeed, for columns = =pk + i and y = gk + j (with 4,5 € [k]),

[A]ik+q,x = [A]jkﬂo’y =1, [A]jkﬂ?,x = [A]ik+q,y =1

Therefore, exact coloring-based approaches require d = k? = O(s?) colors, i.e., they
do no better than the trivial upper bound of d queries. In contrast, Algorithm 2.1
would require only s queries.

5. Numerical experiments. In this section, we provide several numerical ex-
periments which illustrate the performance of Algorithm 2.1. These problems are
modeled after similar problems from the literature. Code to reproduce the figures can
be found at https://github.com/tchen-research/fixed sparsity_matrix_approximation.

5.1. Model problem. We consider A = M~!, where M = tridiag(—1,4,—1).
This class of matrices exhibits exponential decay away from the diagonal and was used
in experiments in past work [10, 30]. This problem is of interest because inverses of
banded matrices commonly arise in numerical analysis, from finite difference schemes
for differential equations [33, Chapter 4] to spline approximations [23]. A sparse
approximation to such an inverse (e.g., via a banded matrix) is desirable for problems
where it is necessary to repeatedly compute M~!'b for different right hand sides [10].

We take A to be 1000 x 1000 and, for varying values of b > 0, we set S to
be a symmetric banded matrix of maximum total bandwidth 2b + 1, i.e., [S];; =
1(]i—j| <b). We then compute the approximation error [|A — Al[r and recovery error
IISo A — Al for the output of Algorithm 2.1 run using a varying number of matvec
queries m.

The results are illustrated in Figure 2. The convergence of Algorithm 2.1 is
matched well by the upper bound in Theorem 1.3 for the expected squared error
(note that the plot shows the root mean squared error, not the squared error).

5.2. Trefethen primes. We let A =M™!, where M is the 1000 x 1000 matrix
whose entries are zero everywhere except for the primes 2,3,5,7,...,7919 along the
main diagonal and the number 1 in all the positions [B]; ; with |i —j| € {1,2,4,8,...,
512}.5 An example (somewhat different from our example) involving this matrix was
used in [53].

5In problem 7 of the “A Hundred-dollar, Hundred-digit Challenge” in SIAM News, readers are
asked to compute the (1,1) entry of a larger but analogously defined matrix A to 100 digits of
accuracy [65].
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FiG. 2. Approzimation of model problem matriz A = tridiag(—1,4,—1)"! by a matriz of total
bandwidth s for varying values of s. The solid circles indicate the root mean squared error of
Algorithm 2.1 over 100 independent runs of the algorithm, and the shaded region indicates the 10%-

90% range. The dotted lines are \/1+s/(m—s—1)||A —So A|g (left) and /s/(m —s—1)||A —

So Al (right), i.e., the square root of the expected error bounds implied by Theorem 1.3.

F1G. 3. Left: Log-scale of the nonzero entries of M, which range in magnitude from 1 to 7919.
Middle: Log-scale of the nonzero entries of A. Right: Sample sparsity pattern S corresponding to
b=>5.

For b > 0, we defined a sparsity pattern S to be such that for each t € {1,2,4,8,...,
512}, [S];,; = 1 whenever |i—j+¢| <b and zero otherwise. In other words, the sparsity
pattern consists of bandwidth 2b+1 bands centered at the nonzero entries of M = A1,
This is illustrated in Figure 3.

The results are shown in Figure 4. Here, the convergence of Algorithm 2.1 is
somewhat better than the upper bound Theorem 1.3. This is because many rows of
the sparsity pattern have far fewer than s entries. From the proof of Theorem 1.3, it
is clear how to obtain an exact characterization of the expected squared error.

6. Outlook. This work raises a number of interesting practical and theoretical
questions. We now comment on three.

It is clear that there is potential for combining coloring methods with algorithms
such as Algorithm 2.1 in order to avoid paying for large off-sparsity entries in parts of a
matrix while simultaneously maintaining the robustness to noise enjoyed by Algorithm
2.1. One approach to combining these two paradigms is to use adaptive queries to
identify portions of the matrix with large-mass and then find a coloring based on this
information. We believe further study in this direction may yield algorithms that work
better in many practical situations. Of course, our lower bound Theorem 1.5 shows
that only constant factors can be improved for some families of problem instances.

The present paper focuses only on the Frobenius norm. It would be valuable to
understand the analogous problem in other norms such as the matrix 2-norm. For
other norms, S o A is not necessarily the best approximation to A with sparsity S.
For instance, if A =[1,1;1,1] and S ={1,0;0,0], then
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FiG. 4. Approzimation of “Trefethen primes” inverse matriz by a multibanded matriz for vary-
ing values of s. The solid circles indicate the root mean squared error of Algorithm 2.1 over 100
independent runs of the algorithm, and the shaded region indicates the 10%-90% range. The dotted

lines are \/1+s/(m—s—1)||A—SoAlr (left) and \/s/(m —s—1)||A —So Al (right).

2 0 1 0
argmin [|A — X||s = =SoA.
e I l> {0 0] 7 {0 0}

Loosely speaking, minimizing the operator-norm approximation error requires the
rows of the error matrix to be small and unaligned, whereas the Frobenius norm
problem only requires them to be small.

Finally, it is of broad interest to understand algorithms and lower bounds for richer
structures of matrices, such as the sum of sparse and low-rank matrices and matrices
with hierarchical low-rank structure. This paper is a starting point for investigating
these problems, and we hope that future work will explore them in greater depth.

Appendix A. Experiments involving coloring algorithms. In this section,
we repeat the experiments from section 5, now using the coloring approach described
in section 4. Matvecs are assigned to each color in a round-robin manner, so each
color has roughly the same number of matvecs. (Color images are available online.)

In the first example, based on the example from subsection 5.1, the sparsity pat-
tern is banded with total bandwidth s. In this case, an optimal coloring corresponds to
taking each column index modulo s. We observe in Figure 5 that the coloring-based
approach behaves very similarly to Algorithm 2.1 but performs marginally better,
particularly when m ~ s. This aligns with the discussion in subsection 4.1 since, for
this problem, the coloring number of the sparsity pattern is exactly equal to s.

o7 ~

“®-0--g--
0""0-9-0-—0-0-0-0-0-0-0-0

sparse recovery error: |[So A — Allg

[ B
D L.
*-0-0_o
~0-0o-00-0-0-o

LR —2
N 10-2
e -0 -0-0-0-0-e L " e
=~ s
A~ ) .
N, — - L ~
o e e s=1k=1 [ SNy o N
R o o s=3k=3 e,
e 1034 o s=5k=5 g S
o s=Tk=7
5=9. k=9
. - . .
10! 10° 10! 10°
number of matvecs m number of matvecs m

F1c. 5. Analogue of Figure 2 for the coloring algorithm. Here, s denotes the total bandwidth
of the matriz, and k is the coloring number. For this problem, the numbers match. The dashed
lines are the empirical root mean squared error of Algorithm 2.1 shown as dots in Figure 2. The
performance of the coloring algorithm and of Algorithm 2.1 are extremely similar in this example.
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F1c. 6. Analogue of the Figure 4 for coloring algorithm. The dashed lines are the empirical root
mean squared error of Algorithm 2.1 shown as dots in Figure 2. Note that the number of colors ¢ can
be substantially larger than s, and no good approrimation is obtained until the number of queries is
at least the number of colors. However, when m > c¢ queries are used, the quality of approrimation
is better than Algorithm 2.1.

In the second numerical experiment, based on the example from subsection 5.2,
the sparsity pattern is more complicated. As such, we use the greedy_color function
from the NetworkX package in Python to obtain a coloring. As seen in Figure 6, the
number of colors obtained, k, is often substantially larger than the sparsity, s. Thus,
for recovering a matrix A with the target sparsity sparsity, Algorithm 2.1 would be
more efficient. However, for the approximation problem, the situation is more subtle,
and as discussed in subsection 4.2. In particular, once our number of matvecs, m,
exceeds the coloring number, k, we see in Figure 6 that the coloring method obtains
slightly lower error in all cases. Importantly, however, for values of m between s and
k, our sketching based method provides very good results (an approximation within a
small constant factor of optimal) while the coloring method can not be implemented
at all with < k& matvecs.

In our final experiment, we compute a greedy coloring for the sparsity pattern
of each matrix in the SuiteSparse collection with between 500 and 1000 columns.
This gives an upper bound on the number of matvecs required by a coloring-based
recovery algorithm. The results are shown in Figure 7. We observe that in many
cases, roughly s colors are required, but in some cases, far more than s colors are
used. This reinforces our finding that, while coloring methods may be advantageous
for some simple sparsity patterns like banded patterns, our sketching methods can
offer an advantage for more complex patterns.

Appendix B. Discussion on relative error recovery. Instead of Problem
1.2, one may hope for a guarantee like

(B.1) ISoA—Alr<c[SoAlr.

Unfortunately, we cannot expect to be able to obtain such an approximation using
fewer than d queries in general; for € < 1, this would require differentiating matrices
for which S o A is zero from those for which it is arbitrarily small.

Even so, in many situations where one might hope to recover the sparse part of
a matrix, ||[A — S o A||g can be bounded by a constant multiple of ||S o A||g. In such
cases, Theorem 1.3 implies that Algorithm 2.1 returns an approximation satisfying
(B.1) using O(s/e?) queries. One instance where this can be expected is if A = f(M),
where M has sparsity S. It is known that matrix functions of sparse matrices have
entries which decay exponentially away from the sparsity pattern [9]. Another instance
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F1G. 7. Number of colors used by a greedy coloring of the sparsity patterns for all matrices with
d € [500,1000] columns from the SuiteSparse matriz collection and instances of the hard example
from subsection 4.3. The dotted line is a unit-slope line, showing the number of vectors required
by Algorithm 2.1 to recover a matrix with sparsity s. While many matrices are colored with k = s
colors, some matrices require k> s colors.

in which this holds is if S contains the identity and A is diagonally dominant, i.e., if
I[A]ii] =32, |[Ali j|. Indeed, in this case

d d d
|A-SoAlf<||A-ToAlf=) Y [A]};<> [A]};=|IcA[F<[IScA|Z
i=1j=1 i=1
-
Using Lemma 3.5, we can derive lower bounds. For instance, if in the proof of
Theorem 1.5 we replace F' by

F={|Ito Al <bid*}

and b; by 150, then by Fact C.5, the proof of Theorem 1.5 can be repeated and
results in a bound of (1/22) queries for relative error diagonal approximation of PSD
matrices.

In fact, if we set r as a large constant multiple of d, then A becomes diagonally
dominant with high probability, and the same lower bound still holds. In light of the
above upper bound, Algorithm 2.1 is optimal for relative error diagonal approximation
on diagonally dominant matrices.

Appendix C. Lower bound lemmas. In this section, we provide the proofs of
the key lemmas used the prove the lower bounds stated in section 3. These lemmas
are all standard in the literature, but we include the proofs for the benefit of the
reader, as they are, for the most part, self-contained and interesting.

C.1. Adaptive queries to Wishart matrices. In this section we provide a
proof of Proposition 3.1, which is essentially Lemma 3.4 from [15]. This is mostly
included for completeness. First, we consider what happens after a single nonadaptive
query.

LEmMMA C.1. Suppose G ~ Gaussian(d,r). Let x be a unit-length query cho-
sen independently of G and define y = GTGx. Then, there is an n X n orthog-
onal matriz X = [x X], constructed solely as a function of x, and a matriz H ~
Gaussian(r — 1,d — 1) independent of x and 'y such that such that

xTy yTX

ST T~ 0 01,91
X GGX= XTy (xTy)QXTnyX] + {Odl,l H'H|
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Proof. Solely based on x, extend to an orthogonal matrix,
X = [X X] .

For instance, append the identity to x, delete the first column which is dependent on
the previous columns, then orthonormalize sequentially using Gram—Schmidt.
Since y = GTGx,

TTaTOY x'y y'X
X'G' GX= Xy XTGTGX|"
The first row and column of this matrix depend only on x and y. We will now
show XTGTGX is the sum of a matrix depending on x and y and Gaussian matrix
independent of x and y.

Define r = ||Gx|~!Gx, and note that ||r|| = 1. Solely based on r, extend to an
orthogonal matrix,

R= [r R] .
Since R is orthonormal, rr’ + RRT =1, and

X'GTeX=X"G"rr'GX+X"G"RR"GX
=|Gx[|*XTGTGxx"GTGX + XTGTRR'GX.

Thus, using that |Gx||? =x"GTGx=x"y,

T T
cT~Tw | XY y X 0 Ol,n—l
X' G GX=\yry (xTy)_lXTnyX} + {onm XTGTRRTGX|"

It remains to show RTGX is a (r — 1) x (d — 1) Gaussian matrix independent of
x and y.

First, note that since X is chosen only based on x (which is independent of G),
GX consists of i.i.d. Gaussians. Thus, the columns of GX are mutually independent
of one another and x, and hence GX is mutually independent of x and y. Finally, since
R depends only on r = (x"y) '/2Gx, R is independent of GX. Thus, RTGX has
i.i.d. Gaussian entries independent of x and y (and hence any matrices constructed
solely from x and y). d

We will now prove the general statement.

Proof of Proposition 3.1. We proceed by induction. Suppose that after ¢ queries,
the result of the lemma holds. Let x;41 be a query chosen based solely on xi,...,x;
and y1,...,y: and hence independent of G;.

Then by the inductive hypothesis,

0 0t a—
Rt A e

Let x denote the bottom d — t entries of V] x;.1, normalized to have length 1. By
Lemma C.1, querying G] Gy results in the factorization

0 Ol,dt1:|

T T v
X"GIG,X=A+ [Od_t_m i
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where A and X are constructed solely as functions of x and G/ G;x (and hence of
X1,y Xer1 and y1, ..., Vir1), X is orthonormal, and H ~ Gaussian(d—t—1,r—t—1)
is independent of x (and hence of x1,...,x;41 and y1,...,¥¢41)-

Define G;11 = H and the matrices

< [ 1 011

X = ! ] . Vg =VX, A =X"AX+ [ Or.¢ Otvd—t} .
Or—1¢ X

0g—+: A

Clearly V441 is orthonormal and V;;1 and A;;; are constructed solely as functions
of x1,...,%x¢y1 and y1,...,¥er1. We easily verify that

V;r—&-lGTGVH_l = XTAtf{ + |: Ot’t Ot,d—t :|

04:; X'GJG;X

Oip1e41 O d—(t+1):|
= A —+ ’ ) .
a [Od(t+1),t+1 G/, 1Gi

The result is proved as the base case t =0 is trivial. 0

C.2. Anticoncentration for sums. In this section we will prove Proposition
3.2 and Lemma 3.3.

We begin recalling the Berry—Esseen theorem for nonidentically distributed sum-
mands.

PROPOSITION C.2 (Berry—Esseen; see, e.g., [58, section 1.9]). There exists a
constant C > 0 such that if X1,..., Xy are independent random variables with E[X;] =
0, E[X?] =02, and E[|X:|?] = pi, and if we define

X1+ + X

Y:
(o 4+ o)t

then the CDF Fy of Y is near to the CDF ® of a standard Gaussian in that

pLA -+ pi
Vz:|F - d <C
22 By ()~ 0 <O e

In addition, we note a simple anticoncentration bound for Gaussians.

LemMma C.3. Let Z~N(0,1). Then, for any t €R and any a >0,

P[\Z—t|<a} <\/za.

Proof. Note that the density for Z is fz(z) = (1/v2m)exp(—22/2), and fz(z) <
1/+/27 for all x. Hence,

o 201 2
Pl|Z —t|<a| = r< —— =\/—a. 0
“ | } /t—a fZ() m T

Proof of Proposition 3.2. Without loss of generality, we can assume E[X;] =0 for
all ¢ by absorbing the means into ¢. By assumption we have that

G=rlo2+-+02>aVk,  prt- 4 pp <kp.
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Let Y = X/ with cumulative distribution Fy and let ' =¢/6. Then, with C' denoting
the constant from Proposition C.2, we apply Proposition C.2, Lemma C.3, and the
bounds above to obtain

P[|X —t| < aoVk] <P[|X —t| < ad]
=P[|Y —t'| <0

:Fy(tl —|—a) — Fy(t/ — a)

2Ckp

<O(t'+a) fé(t'fa)JrW

< 2 n 2C)p

—a .
S\ 5V
Since (1 — +/2/m) > 0.2, the result follows by the choice k > 100C%p?/(a?0°) and
relabeling C. ]

Proof of Lemma 3.3. Let gy denote the ¢th row of G and define z; = u'g, and
ye =v'gs. In order to apply Proposition 3.2 to the sum

k
T
Xy= E LeYe,
(=1

which has independent terms since the gy are independent, we must obtain upper
and lower bounds on the variance and an upper-bound on the third centered absolute
moment of each term.

We will first bound the variance. By direct computation (see Fact C.4 for a
derivation),

Vizwe] = Vg vu'g] = [[va’ +uv'|[#/2> [ul3]|v]3.
Here we have used that
[va’ +uv |2 =2[lvaT | +2(v ) > 2[|v|3]ul3.

We now argue the third absolute moments are bounded. Note that z, and y, are
both normally distributed with mean zero and variance at most 1 (since ||ul|2 <1 and
[[vll2 <1). Then x,y, is subexponential with constant width parameter [67, Lemma
2.7.7], and hence E[|z¢ye — E[z¢y¢]|?] < p for some p.

Hence, applying Proposition 3.2, for any « > 0, and provided k > Cp?/(a?||u$
| v]|$), where C' is the constant from Proposition 3.2,

P“XTY —t] < a||u||2\|v||2\/ﬂ <a.

Relabeling C' gives the result. 0
C.3. Other facts.
Fact C.4. For a matriv A € R if g ~ Gaussian(d, 1), then V[g'TAg] =
|A+AT|2/2.

Proof. Since g"Ag =g (AT + A)g/2, without loss of generality we can assume
A is symmetric. Let A = UAUT be the eigendecomposition of A, then h=UTg ~
Gaussian(d, 1) and h" Ah is a linear combination of independent Chi-squared random
variables with one degree of freedom (and variance 2). The result follows since ||A||2 =
JAJ2, 0
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Fact C.5. Forr,d>1, suppose G ~ Gaussian(r,d). Then
E[ToGTGIZ] =d2r+/%),  E[IGTG-ToGTGIR] = (¢ - d)r

Proof. Write A = GTG. The diagonal entries of A are distributed as Chi-squared
random variables with r degrees of freedom. These entries have mean r and variance
2r. Likewise, the off-diagonal entries of A are distributed as the inner product of two
independent standard normal Gaussian vectors of length r. These entries therefore
have mean zero and variance r. Therefore, for i # j,

E[[A)2,] =V[[AlL] +E[[Ali.]* =2r+r2  E[AJ?,] =V[A],;] =~

i ij
The result follows by linearity of expectation. ]

Appendix D. High probability algorithm. The bound Theorem 1.3 for Al-
gorithm 2.1 has an unfavorable dependence O(1/4) on the failure probability 6. We
will now use a high-dimensional version of the “median trick” to improve the depen-
dence on the failure probability to logarithmic, without introducing a dependence on
the problem dimension.

THEOREM D.1. Consider any A € R™? and any S € {0,1}"*? with at most s
nonzero entries per row. For any e >0 and § € (0,1), if m > s+ 2 and additionally

m>s<980—|—1>+1, r>1010g<(1s>,

then, using m - r matriz-vector queries, Algorithm D.1 returns a matriz A satisfying
PIA —Allr < (1+2)|A—SoAle] >1-4.
Proof. Let €= %5. Define the set
P={iclr]:|SoA - A} <Z|A-SoA|E}.

In (2.4) of the proof of Corollary 1.4, we show that

P[So A — Ai| > &|A - SoAlR] <s/((m—s—1)).
Hence, if m > s((20/¢) + 1) + 1, then P[i € P] > 13. Define the event

E={|P|>[r/2]}.

A standard result [3, Proposition 2.4(a)] asserts that with ¢ =19/20,

LTZ/% r k(l )r7k<e rq 1 1)? . 81r
— xp| ——(1—— =exp| —o— |-
2 \k CUTO =0Ty 2 P\ 7760

Algorithm D.1. Fixed-sparse-matrix recovery (boosted).
1: procedure BOOSTED-FIXED-SPARSE-MATRIX RECOVERY(A,S,m,r)
2 Run Algorithm 2.1 independently r times to get Al, . ,AT
3 VZ,] define d’L,j:HAZ—;&j”F
4: Vi: define B; as the [r/2]-th smallest d; ; > |{jelr]:di; <Bi}| =[r/2]
5
6:

Compute ¢* = argmin, B; > Vi:B;» < B;
return A;-
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In addition, § > exp(—r/10) by definition of r. Therefore, P[E] >1— 4.
We will condition on E for the remainder of the proof. By the triangle inequality,
for any indices i,j € P,

dij=|Ai—Ajllr <||A; —SoAllr+[[SoA—Aj|r <2VE|A —SoAlf.

Since |P| > |r/2], then for each i € P, there are at least |r/2] indices j satisfying
d;; < 2vE||A — S o Al[r. Thus by definition of B;,

B; <2VE||A —So Al
By definition of B;s, there are at least [r/2] indices j for which
|- — Ajllr <2VE[A —SoAllr.

Simultaneously, |P| > |r/2|. Since |P|+ [r/2] > |r/2] 4 [r/2] = r, the pigeonhole
principle ensures there is at least one j* for which j* € P and

|As — Aje|lF <2VE|[A —So Al
Applying the triangle inequality, we find that
F<3VE|A —SoAll,

which implies ||[So A — A;- 2 <9||A —So Al Adding ||A —So A2 to both sides
(see (1.1)) and taking square roots,

|:S\/1+9§||A—SOAHF:\/1+2€HA—SOAHF
<(1+e)|A-SoAlr 0

|A— A
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