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Our Bound:
“It converges as fast as if it gave the best approximation from the Krylov subspace, up 
to a prefactor and iteration delay depending on the degree of r”
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kr(A)b� lankk2  q · (A)q · min
deg(p)<k�q+1

kr(A)b� p(A)bk2
(Error of k-step Lanczos-FA) (Error of best degree 

⁓k polynomial approx)

*Our Conjecture:
We can improve the prefactor to 

𝑂( 𝑞 ⋅ 𝜅(𝐀))

• We’ve only found one family of 
problems that seems to need

Ω( 𝑞 ⋅ 𝜅(𝐀))

Set up
• 𝑑 =	ambient dimension
• 𝑘 =	num iterations = dim of Krylov subspace
• 𝐀 = 𝐀! ∈ 	ℝ"	×" and 𝐛 ∈ ℝ" define the problem 

instance
• Λ ∈ [𝜆%&', 𝜆%()] are the eigenvalues of 𝐀
• 𝒦* 𝐀, 𝐛 = span{𝐛, 𝐀𝐛,… , 𝐀*+,𝐛} is the Krylov subspace
• 𝑓: Λ → ℝ is a function. Often f 𝑧 =
𝑧- , exp 𝑡𝑧 , log 𝑧 ,	or sgn(𝑧)

• 𝑟: Λ → ℝ is a rational function of degree 𝑞 with poles 
𝑧,, … , 𝑧. ∉ [𝜆%&', 𝜆%()]

• lan* is the output of the algorithm at k iterations
and everything is in exact arithmetic

Goal:

Lanczos-FA for Matrix Functions
1. 𝐐 is an orthonormal basis for the Krylov subspace
2. Approximate 𝐀 by projecting it into the Krylov 

subspace: 𝐀 ≈ 𝐐𝐐!𝐀𝐐𝐐! =:𝐐𝐓𝐐!
• 𝐓 is 𝑘	×	𝑘 symmetric tridiagonal

3. 𝑓(𝐀)𝐛	 = 	𝐐𝑓(𝐓)𝐐!𝐛	 = 	𝑝(𝐀)𝐛	for some degree 𝑘 − 1 
polynomial
• Compute 𝑓(𝑇) in 𝑂(𝑘/)	by eigendecomposition

Standard Error Bound for Lanczos-FA
“It converges as fast as polynomial approximation 
converges to 𝑓 on the interval, measured in max 
norm” (i.e. uniform approximation)

• This bound only depends on 𝑓, 𝑘, 𝜆%&', 𝜆%01
• Given those, it shows how Lanczos-FA does on the 

hardest choice of 𝐀, 𝐛
• Lanczos-FA is “Krylov-optimal” because no Krylov 

method can converge faster for worst-case 𝐀, 𝐛
• The optimality coefficient 2 is tight

But empirically, Lanczos-FA converges much faster 
than this bound for typical 𝐀, 𝐛 (see figure, center), 
which begs the question…
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For rational functions 𝑟, the Lanczos 
method gives a nearly* optimal 
approximation to 𝑟 𝐀 𝐛 from the 
Krylov subspace 𝒦! 𝐀, 𝐛

Our Question: 
Is Lanczos-FA “instance optimal”?

• It seems to converge nearly as fast as the best 
polynomial approximation 𝑝∗ 𝐀 𝐛 does for this 
instance	𝐀, 𝐛

Prior Work:  𝐀!𝟏𝐛 and exp 𝐀 𝐛
• For 𝐴 ≽ 0, Lanczos-FA on 𝐀+,𝐛 is identical to 

Conjugate Gradients in exact arithmetic
• It’s nearly instance optimal:

• Much better! Super-exponential instead of 
exponential [5]

• For indefinite systems, doesn’t converge 
monotonically but the best iteration is almost 
good as MINRES [3]

• For the exponential, we something similar to 
instance optimality but for the 
maximization[4]:
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Applications to non-rational 
functions
If 𝑓 is uniformly well approximated by rational 
functions, then Lanczos-FA inherits optimality!

If Lanczos-FA is instance optimal for r with coeff 𝐶3,

• The extra (first) term captures the error of the 
rational uniform approximation

• Much stronger than the standard bound, which 
requires uniform approximation by polynomials

• No need to actually construct the approximant r. 
Run Lanczos-FA on f, and the bound picks an 𝑟 that 
balances 𝐶3 against the approximation error

Lanczos-FA for (rational approximations of) square root:

Extensions
1. Poles in the interval of the eigenvalues (cf. 

indefinite linear systems)
2. Finite precision arithmetic (already studied for 

exponential)
3. Optimality with respect to other norms that may 

be more natural (cf. Lanczos-OR [2])

Bonus: Pseudo-optimality for 𝐀!½𝐛
• “Pseudo-optimality” means the bound is specific to 

the spectrum of 𝐀, but still only captures the 
hardest choice of 𝐛
• Better than standard bound, which depends only 

on [𝜆%&', 𝜆%()] 
• Using a different technique, we derive the following 

for inverse roots:

where 𝑣4 is the 𝑗th eigenvector of 𝐀
• When 𝐛 is orthogonal to 𝜆4, you can get low error 

without approximating 1/√𝜆4 well, so our bound is 
loose
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• The standard bound depends only on 𝑟, 𝑘, 𝜆!"#, 𝜆!$%
• Like Lanczos-FA itself [1], our bound adapts to the specific 𝐀 and 𝐛 at hand so it captures the true 

shape of the convergence curve
• Above is for psd 𝐀, roots of 𝑟 are ≤ 0. In general, prefactor is )

&'(

)
𝜅(±(𝐴 − 𝑧&𝐼))
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Approximate 𝑓 𝐀 𝐛 using a 
few matvecs with 𝐀
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